Abstract⎯This work is devoted to investigating the dynamic properties of the solutions to the boundaryvalue problems associated with the classic Fermi-Pasta-Ulam (FPU) system. We analyze these problems for an infinite-dimensional case where a countable number of roots of characteristic equations tend to an imaginary axis. Under these conditions, we build a special nonlinear partial differential equation that acts as a quasi-normal form, i.e., determines the dynamics of the original boundary-value problem with the initial conditions in a sufficiently small neighborhood of the equilibrium state. The modified Kortewegde Vries (KdV) equation and the Korteweg-de Vries-Burgers (KdVB) equation act as quasi-normal forms depending on the parameter values. Under some additional assumptions, we apply the renormalization procedure to the boundary-value problems obtained. This procedure leads to an infinite-dimensional system of ordinary differential equations. We describe a method for folding this system into a special boundary-value problem, which is an analog of the normal form. The main contribution of this work is investigating the interaction of the waves moving in different directions in the FPU problem by using analytical methods of nonlinear dynamics. It is shown that the mutual influence of the waves is asymptotically small, does not affect their shape, and contributes only to a shift in their speeds, which does not change over time.
FORMULATION OF THE PROBLEM
Consider the well-known Fermi-Pasta-Ulam (FPU) model [1] [2] [3] [4] [5] [6] described by the system of equations (1) where Here, is the coordinate of the equilibrium state for the jth mass. In the classic FPU problem, A system of equations with a nonzero coefficient β was proposed in [7] . Suppose that and the distances among neighbor points are h. It is assumed that the values of are distributed over an interval of length and the periodicity condition holds. It is convenient to normalize the spatial variable As a result, we obtain a relation where The basic assumption is that the parameter is sufficiently small: Another important constraint is that we consider the so-called regular solutions of system (1), i.e., the solutions that can be expanded in asymptotic (as ) series: 
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we arrive at the system Hence,
Taking this equality into account in (8), we conclude that the conditions for solvability of system (8) with respect to in the given class of functions imply that the following relations hold:
Here, Let us formulate some conclusions about the interaction between the waves and moving in different directions. First, this interaction occurs through the summands and respectively. Second, it is relatively weak, having the order of Third, and most importantly, these summands do not affect the shape of the waves and contribute only to a shift in their speeds, which does not change over time. This follows from the fact that the substitutions in (9) and in (10) eliminate the corresponding summands that relate equations (9) and (10) . Note that the larger the "mean" of one wave, the greater the change in the speed of the other. The phenomenon whereby waves pass through each other without changes but only with a small time shift is well-known in the theory of solitons [20] [21] [22] [23] .
Let us carry out some additional transformations in (9) and (10) . Express and in (9) and (10) in terms of a derivative with respect to a spatial variable of a certain function. Then, for the regular solutions, we have the relations
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( ) These equations allow us to rewrite boundary-value problems (9), (11) and (10), (11) for the functions (12) in the following form:
It should be stressed that the explicit values of and can be calculated accurate to through the initial conditions of the solutions to the original boundary-value problem (3), (4) . Suppose that where and are certain (smooth) -periodic functions.
Then, Equation (12) implies the following condition for the functions u and (16) Note also that the zero-order approximation of boundary-value problems (13), (15) , (16) and (14)- (16) 3. RENORMALIZATION There are many works devoted to investigation of the modified KdV equation and the KdVB equation [24] [25] [26] [27] [28] . In addition, there are investigations on the problems of integrability and construction (for certain coefficients) of their exact solutions [29] [30] [31] . In this work, we employ a technique from [15-19, 32, 33] , where a method for local dynamics analysis in infinite-dimensional cases was proposed.
Let us first cite the results [15] on normalization of the principal part of the boundary-value problem (13)-(16), i.e., problem (17) . For this purpose, we introduce the following designation. Suppose that An operator J is introduced by the rule 3 2  2  3  2  5  2  2  2  3  5  2  3   3  2 2  3  2  2  3   ( )  1  1  2  2  12  960  6  2  48 (3 2 ) ( ) , 24 
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Equation (12) (20) where
The main result [15] [16] [17] is that boundary-value problem (20) acts as a shortened normal form for problem (13)- (16) or as a renormalized form for problem (5), (6) . It seems interesting to carry out renormalization in boundary-value problem (13)- (16) for (21) Take relation (16) into account in (13) and make a substitution As a result, from problem (13), (15), we arrive at the problem 
Based on this representation of the solutions, we introduce a formal series (25) where and the functions are periodic with respect to τ and y. Substitute (25) into (22) and equate the coefficients at equal powers of ε. Then, the condition for solvability of the obtained equation with respect to leads to the following infinite system of ordinary differential equations for finding (26) Suppose that = The main conclusion is that the function is a solution, accurate to a summand on the order of to the boundary-value problem (27) (28) The normalization can be continued. Let us carry out a local investigation in the neighborhood of a zero equilibrium state for boundary-value problem (27) , (28) . The linear part of this problem has a set of 
). periodic solutions therefore, here, we also deal with a critical (in the problem on stability of a zero equilibrium state) infinite-dimensional case.
Suppose that (29) where are sufficiently small amplitudes slowly varying in s, and depend quadratically, cubically, etc., on
Substitute (29) into (27) . By standard operations, we arrive at an infinite system of ordinary differential equations for finding
The main result is that, for the function (30) this infinite system, accurate to the summands on the order of can be folded into the following boundary-value problem (analog of the normal form):
It should be noted that this problem can be integrated in an explicit form. Generally speaking, all its solutions are infinite-dimensional tori.
Thus, boundary-value problem (27) , (28) acts as a normal form for problem (5), (6) under condition (21) .
CONCLUSIONS In this paper, we have analyzed special partial differential equations describing the asymptotic behavior of the so-called regular solutions in the continuous FPU model. For this purpose, we have used and improved the methods for local (in the neighborhood of the equilibrium state) analysis of the solutions. These methods are based on the well-known formalism of normalization.
The problem of interaction between two waves moving in different directions has been investigated. It has been shown that, first, this interaction is relatively weak, being described by the summands on the order of and, second, it results only in a phase speed shift. The value of this shift is determined explicitly through certain integral characteristics from the initial conditions. The renormalization procedures have been used. As a result, we have derived special evolutionary nonlinear equations that act as normal forms in describing the dynamics of the original equation. Specifically, it has been shown that, in the main approximation, the solutions are infinite-dimensional tori; the asymptotics of these tori has also been found.
